COMMUTATIVE C*-SUBALGEBRAS OF SIMPLE STABLY 
FINITE C*-ALGEBRAS WITH REAL RANK ZERO 
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Abstract. Let X be a second countable, path connected, compact metric 
space and let A be a unital separable simple nuclear ^-stable real rank zero 
C*-algebra. We classify all the unital *-embeddings (up to approximate uni- 
tary equivalence) of C{X) into A. Specifically, we provide an existence and a 
uniqueness theorem for unital *-embeddings from C{X) into A. 



0. Introduction 

In this paper, we study the classification problem for embeddings of a commu- 
tative C*-algebra C{X) into a simple, real rank zero, stably finite C*-algebra A 
(with other properties). This problem is closely related to, though independent of, 
the classification problem for the simple C*-algebra A itself. Moreover, techniques 
from either subject often carry over to the other and have interesting implications 
(for other areas as well!). 

A complete solution to the classification problem would consist of two parts: an 
existence theorem and a uniqueness theorem. One starting point for the existence 
theorem is a result of Pimsner [39] which shows that there is an interesting *- 
monomorphism <j) : C{T'^) ^ of C{T'^) into a unique simple AF-algebra A with 
Ko{A) = Z[l/2] © Z with lexicographic order and order unit (1, 0) (here is the 
2-torus). This *-monomorphism actually induces an isomorphism on the rational 
Kq groups. The example of Pimsner exhibits the higher dimensional features of the 
AF-algebra which is also, at the same time, a noncommutative zero dimensional 
space (of course, every commutative C*-algebra can be embedded in a commuta- 
tive C*-algebra with spectrum being a Cantor set - but not so with interesting 
induced map in K-theory) . This phenomenon was subsequently intensively studied 
by Dadaralat, Elliott and Loring, who showed that many group homomorphisms 
from Ko{C{X)) to Ko{A) can be realized by C* -homomorphisms from C{X) to A. 
More specifically, in [13], Elliott and Loring showed that for a unital simple AF- 
algebra A, a group homomorphism ^ : Ko(C(T^)) Ko(^) can be reahzed by a 
unital *-homomorphism (j) : CiT"^) A\i and only if preserves the order unit and 
sends every element of the reduced Kg group of C(T^) to an element of ker(T*) for 
every unital trace r e T(A). In [9], Dadarlat and Loring showed that given a finite 
CW complex A, there are a unital AF-algebra A and a unital *-monomorphism 
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4> : C{X) ~f A such that (j) hiduces an isomorphism on the rational Kq groups. In 
particular, if X is connected then A can be taken to be the unique unital simple 
AF-algebra with Kq group Z[l/2] © Z", where n is the rank of the reduced Kq 
group of C{X). Here, the positive cone is {(r, to) : r G Z[l/2], r > and to e Z"} 
and the order unit is (1,0). In their paper [9j, Dadarlat and Loring also proved 
other existence results. For instance, let X be a finite CW-complex and let A be 
the tensor product of a unital simple AF-algebra with the UHF-algebra with di- 
mension group being the rational numbers. If /i : Ko(C(X)) Ko{A) is a group 
homomorphism such that (i) /i([l]) — [1] and (ii) fi brings the reduced Kq group of 
C{X) to nreT(yi) -'^^'"('''*)' then there is a unital ^-homomorphism <j) : C{X) — > A 
such that Ko((/)) = /i (this generalizes the result of Elliott and Loring). 

Li and Lin have generalized the results of Dadarlat, Elliott, Loring and Pim- 
sner to a large class of codomain algebras A. In [22], Li showed that given a 
finite CW complex X, given a unital simple AH-algebra A with real rank zero and 
bounded dimension growth and given a G KK{C{X),A), a can be realized by a 
unital ^-homomorphism (p ■ C{X) yl if and only if a G KK(C(X), ^)_|_ ^jj^^-j 
(KK{C{X),A)+^Di^A) is a subset of the KK-group KK(C(X),^); see [22] for the 
precise definition). In [25], Lin showed that the codomain algebra A (in Li's result) 
can be replaced by an arbitrary unital simple separable nuclear C*-algebra with 
real rank zero, stable rank one and weak unperforation. We note that the results 
of Dadarlat, Elliott, Li, Lin, Loring and Pimsner were proven after (and in the case 
of AF-algebras, long after!) the classification result for the corresponding simple 
codomain algebras. We also note that their results are incomplete in the sense 
that they do not fully take into account the tracial simplex (an important classi- 
fication invariant). The best result in this respect was that of Li (in [22]) where 
for A having unique trace (in addition to other already mentioned conditions), 
the *-homomorphism can be constructed to realize any strictly positive probability 
measure on X. In this paper, we complete the existence theorem by fully taking 
into account the tracial simplex. Our result is as follows: 

0.1 Theorem: Let X be a second countable, path connected, compact metric space 
and let A be a unital separable simple nuclear C* -algebra with real rank zero, stable 
rank one and weak unperforation. Let a G KL{C{X), A)4-^i and let X : T{A) — > 
T{C{X)) be an affine continuous map such that 

(a) if h Cz Aff(T(C(Ar))) with h > and h is not the zero function then 
Aff(A)(/i)(r) > for all r G T{A); and 

(b) for every projection p G C{X) (g) fC, A(r)(p) = r:,(a([p])) for all r G T(A). 

Then there is a unital ^-monomorphism (j) : C'{X) —>■ A such that ¥A^((j)) = a and 
T(0) - A. 

Another part of the classification problem (for embeddings of C{X) into simple 
real rank zero stably finite etc. A) is the uniqueness theorem. One early result, 
without assuming that the codomain algebra is stably finite, is the result in [3] 
where Brown, Douglas and Fillmore showed that for two unital *-monomorphisms 
0, -0 : C{X) M{H)/1C{H), (j) and ip are unitarily equivalent if and only if KK(<^) = 
KK{ip). Another early result is in [15] where Gong and Lin showed that for X a 
compact metric space and A a unital simple separable nuclear C*-algebra with 
real rank zero, stable rank one, weak unperforation and unique tracial state, two 
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unital *-nionomorphisms (p, tp : C{X) —^ A arc approximately unitarily equivalent 
if and only if KL(0) — KL{ip) and r o = r o -0 for all r £ T(A). It is not 
hard to replace the unique tracial state condition (in Gong and Lin's result) by 
the (slightly) weaker condition of countably many extreme tracial states. However, 
moving beyond these conditions of having small tracial simplex is difficult . This 
is closely related to certain recent classification problems, for simple C*-algebras, 
where a major difficulty lies in replacing the small tracial simplex condition by 
arbitrary tracial simplexes (see, for example [5], [27], [5S], [ST] and [S2]). 

Recently in [29] , Lin replaced the small tracial simplex condition in the codomain 
algebra A by the additional assumption that A had tracial rank zero (i.e., the 
TAF property; this is a strong property which, together with the assumptions of 
nuclearity and universal coefficient theorem, imply that the algebra involved is 
a simple unital AH-algebra with bounded dimension growth and real rank zero). 
We note that Lin used this result (in [29]) to generalize an interesting theorem of 
Kishimoto. Specifically, Lin showed that if A is a simple unital AH-algebra with 
real rank zero and bounded dimension growth, and if a is an approximately inner 
*- automorphism of A with the tracial Rokhlin property, then the crossed product 
is a unital simple AH-algebra with bounded dimension growth and real rank 

zero. 

In this paper, we show that the restriction on the tracial simplex of A can be 
removed without assuming that A is TAF. However, we need to assume that A is 
^-stable where Z is the Jiang-Su algebra. This condition is implied by approximate 
divisibility and is currently of interest in the classification program for simple C*- 
algebras (more below). Our uniqueness result is as follows: 

0.2 Theorem: Let X be a second countable, path connected, compact metric space 
and let A be a unital separable simple nuclear real rank zero Z -stable C* -algebra. 
Let (j), ijj : C{X) A be unital *-monomorphisms. Then (j) and ip are approximately 
unitarily equivalent if and only if Kh{(/)) — KL('0) and Tocj) — Totp for all t G T(A). 

The Jiang-Su algebra Z is the unique unital simple nontype I ASH-algebra (i.e., 
approximately subhomogeneous C* -algebra) such that (a) Z has the same invariant 
as the complex numbers and (b) Z is strongly self-absorbing (see [44], [45], [46] . 
[lOj . and [SB]; see also [33] for different descriptions oi Z). A C*-algebra A is said 
to be Z-stable ii A ^ Z = A. Z-stability implies many nice properties from the 
point of view of classification theory. Among other things, if A is a unital separable 
simple 2^-stable C*-algebra then A is either purely infinite or stably finite; and if, in 
addition, A is stably finite then A must have stable rank one and weak unperforation 
(see [13], [ini and [32)- Many simple C*-algebras are Z-stable - including all the 
ones that have been classified using K-theory invariants (see [45]); and Z-stability 
has played an interesting role in recent advances in classification theory. (See, for 
example, [51], [52], [53] and [31].) Finally, it has been put forward in several places 
that Z should play the role in general classification theory that Coo plays for the 
classification of simple nuclear purely infinite C*-algebras. 

We note that the subject matter of this paper is intimately related to the question 
of when a unital *-homomorphism : C{X) —> A can be pointwise approximated 
by finite dimensional ^-homomorphisms. (See, for example, |15j and |17j for more 
details and references.) This is closely related to Lin's interesting result that pairs 
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of almost commuting self-adjoint matrices are uniformly close to pairs of exactly 
commuting self-adjoint matrices (see, for example, [23]). We also note that an inter- 
esting problem would be to replace the commutative algebra C'{X) (in our results) 
by an arbitrary nuclear residually finite dimensional C*-algebra. For instance, re- 
sults of this type would lead to a proof that every simple unital separable nuclear 
quasidiagonal C*-algebra is AF-embeddable (this is not even known for inductive 
limits of residually finite dimensional type I C*-algebras). This in itself is interest- 
ing, but it may also in turn lead to a proof of appropriate tracial approximation 
properties and perhaps classification (see, for example, [5] and [17]). 

Also, Theorem 10.21 is not known (except for special cases) when the codomain 
algebra is not real rank zero. Indeed, we do not even have a full uniqueness theorem 
for the case where the codomain algebra is a real rank one simple unital AH- 
algebra with bounded dimension growth. Hence, for this class of algebras, even 
though there is a complete classification using K-theory invariants, the general 
theory is still incomplete. One consequence of this defect is that the structure of 
the automorphism groups of these algebras is still not known. (See [12], [30], [36] . 
[32], [38], [33], [34]). 

Finally, the results of this paper are connected to but distinct from the existence 
and uniqueness theorems found in [6], [7] and [26j . The theorems in these papers 
require that the domain algebra be a simple TAF C*-algebra. The first immedi- 
ate result is that the tracial simplex need not be taken into account (whereas for 
commutative domain algebras, the tracial simplex is needed and results in much 
extra work). Secondly, that the domain algebra is simple TAF leads to simplication 
and special techniques for uniqueness, which do not work for commutative domain 
algebras - this is why, for example, Lin had to prove a separate uniqueness theo- 
rem for commutative domain algebras in [29j . Finally, since all the above existence 
theorems require uniqueness, similar remarks hold for the existence theorems. 

In this paper, we will use ideas from K-theory and KK-theory. A good reference 
for this is [24| . We will also use the notions of finite decomposition rank and Z- 
stability which have recently played important roles in classification theory. Good 
references for this are [25 and [45] , 

Throughout this paper, "c.p.c." will denote "completely positive contractive" . For 
C*-algebras A, B, K{A) is the total K-theory of A, F{A) is the class of projections 
defined in [24] 6.1.1 (the equivalence classes of the projections in ¥{A) generate 
K{A) as a group), KK{A, B) is the KK-group of A and B, and (when either A or 
B satisfies the UCT) KL(^, B) = HomA(K(A),K(B)) is the KL group of A and B 
(here, A is the collection of Bockstein operations). We also note that \i (j) : A ^ B \s 
a contractive completely positive map which is "sufficiently almost multiplicative" 
then (j) gives a well-defined map from a finite subset of P(A) into K(i?); a discussion 
of this can be found in 28J page 8, and we will be using the notation contained 
there. For more details on all of the above, see [IJ and [5H]. 



1. The existence theorem 



1.1 In this section, we prove an existence theorem for *-monomorphisms from C{X) 
into a simple real rank zero C*-algebra A (with appropriate additional properties). 
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We first need a lemma concerning c.p.c. almost multiplicative maps from C{X) 
into a matrix algebra (cf. [25 Lemma 6.2.7): 

LemmA: Let X be a compact metric space. Let e > and a finite subset J- C C{X) 
be given. 

Then there exists d > and a finite subset Q C C{X) satisfying the following: 

For every positive integer n>l, if L : C{X) M„(C) is a Q — 5 multiplicative 
c.p.c. map then there exists a *-homomorphism h : C{X) M„ with h{\(j^x)) = ^ 
such that 

tr(l - r) < e 

and 

\\L{f)-{l-p)L{f){l-p) + h{f)\\<e, 

for all f ^ T . 

(In the above, tr is the unique normalized trace on M„.j 

1.2 Next, we will also need the following theorem concerning the approximation 
of unital positive linear maps between tracial state spaces (of commutative C*- 
algebras) by convex combinations of maps coming from *-homomorphisms, which 
is due to Li [21]: 

Theorem: Let X be a path connected compact metric space. Let a finite subset 

T C AfF(T(C(X))) and e > be given. 

Then there is an N > with the following property: 

For any unital positive linear map ^ : Aff(T(C(X))) —^ Aff (T(C(y))), where Y 
is an arbitrary compact metric space, there are N *-homomorphisms 

4>u<t>2,-AN ■.C{X)-^C{Y) 
such that each is homotopy equivalent to a point evaluation (i.e., (fn is homotopy 
equivalent to a *-homomorphism of the form C{X) — > C{Y) : f t-^ /(a^o)lc(y) for 
some point xq X ) and such that 

N 

m){r) - {l/N)J2r{Mm < e,V/ e T,W e T{C{Y)). 

i=l 

1.3 To continue, we fix some notation: Let X be a compact second countable metric 
space. Let A be a unital C*-algebra. We denote by KL{C{X), A)+,i the set of all 
a £ KL(C(X), A) which satisfy the following two conditions: 

i. a([lc(x)]) = [1a] (for the induced map between Kg groups). 

ii. a(Ko(C(X))+ - {0}) C Ko(A)+ - {0}. 

1.4 Next, we need the following result which follows from the TAF- property and 
[24] Theorem 6.1.11. (The proof can be found in [24] Lemma 6.2.8. Note that 
the proof of this Lemma does not really require that the spectrum of the domain 
algebra be a finite CW complex. See also [6] Theorem 5.6 and Corollary 5.7.) 

Theorem: Let A be a unital simple nontype I AR- algebra with bounded dimension 
growth and real rank zero. Suppose that X is a compact, second countable, path 
connected metric space, V C P(C(X)) is a finite subset, and 

a e KL(C(X),A)+,i. 
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Then there exists a sequence of unit al c.p.c. linear maps 

(j^r, : C{X) ^ A 

such that 

[<i>n]\V^a\V 

and 

ll0n(/5)-</'n(/)0n(ff)ll ^0 

as n oo, for all f,g £ C{X). 

(For the definition of [(/>„] IT' we refer the reader to [28] page 8. As mentioned 
in the last paragraph of the introduction, we will be using the notation contained 
there.) 

Proof: [Sketch of proof] 

As already indicated, the proof can be found in [24] Lemma 6.2.8. Here, we sketch 
the proof for the case where C{X) has torsion- free Kq and Ki groups. 

By [23] Theorem 6.1.11, let : C{X) M„(yl) be an almost multiplicative map 
and let 02 ■ C{X) M„_i(A) be a unital *-homomorphism with finite dimensional 
range such that 

[(f>i]\P ^ a\V + [<I>2]\V 
(Of course, we need 4>i to be almost multiplicative on a sufhciently large finite 
subset of C{X) and for a sufficiently small positive real number.) 

Since M„(A) is tracially AF, we can find a projection p G M„(yl) such that 
p is Murray- von Neumann equivalent to a subprojection of I a, and we can find 
a unital c.p.c. almost multiplicative map 03 : C{X) — » pMLn{A)p and a unital *- 
homomorphism 04 : C{X) (1— p)M„(A)(l— p) such that 0i can be approximated 
by 03 © 04 in norm on a sufficiently large finite subset of C{X), and such that 

[Mr = + [cj^iWr 

(Of course, we are assuming that all the maps involved are sufficiently multiplicative 
so that all the above expressions are well-defined etc.) 

By conjugating with a unitary if necessary, we may assume that p < Ia- Let 
xq € X he an arbitrary point. Then take : C{X) ^ to be the unital c.p.c. 
map given by 0(/) =df 03(/) + f{xo){lA —p), for all / e C{X). Assuming that all 
the maps involved were chosen to be sufficiently multiplicative, we can check that 

mr = a\v 

(This last equality is nontrivial!) I 

Finally, towards the existence theorem, we need the following approximate unique- 
ness result (for tracial rank zero codomains) of Lin (which can be found in [29] 
Theorem 4.6; see also |17j): 

1.5 Theorem: Let X be a compact metric space, e > and T C C(X) he a 
finite subset. Let ly > be such that \f{x) — f{y)\ < e/8 if d{x,y) < v for all 
f a T and all x,y & X (d is the metric on X). Then, for any integer s >\, any 
finite v/2-dense subset {xi, X2, x^} of X for which OiHOj =^ fori^j, where 
Oi =df {x G X : dist(a;,a;i) < iy/{2s)} and any l/(2s) > a > 0, there exists 7 > 0, 
a finite subset Q C C{X), (5 > and a finite subset V C P(C(A")) satisfying the 
following: 
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For any unital separable simple nuclear C* -algebra A with tracial rank zero, any 
Q — 5 -multiplicative unital c.p.c. linear maps (j), ip : C{X) A with r o (j){g) within 
J of TO il;{g) for all g G Q, if 

(i) IJ'ToipiOi), Uro^^iOi) > av for all i and for all t G T(A). and 

(ii) [cj,]\v = mv 

then there exists a unitary u ^ A such that u(j){f)u* is within e of tpif) for all 
f^T. 

Finally, if in the above, the elements of T all have norm less than or equal to 
one, then we can choose Q so that its elements all have norm less than or equal to 
one. 

1.6 Theorem: Let X be a compact, second countable, path connected, metric 
space and let A be a unital separable simple AH-algebra with bounded dimension 
growth and real rank zero. Suppose that a G KL(C(X), and suppose that 

A : T(j4) —> T(C(X)) is an affine continuous map such that 

(i) the induced map Aff(A) : AS{T{C{X)) — > AS{T{A)) brings nonnegative 
nonzero functions to functions which are strictly positive at every point; 
i.e., if 

h e C{X,R)^AS{T{C{X}) 
is a nonnegative function which is not the zero function then 
AS{X){h){T) > 

for all T G T(A); and 

(ii) for every r G T(A) and for every projection p G C{X) JC, 

X{T){p)=n{a{[p])). 
Then there exists a *-momomorphism (p : C{X) A such that 

KL{(t)) = a and T{<j)) = A. 

Proof: Let {J^i}f^i be an increasing sequence of finite subsets of the closed unit 
ball of C{X) such that the union is dense in the closed unit ball; i.e., C{X)i — 
U/^i ^i-- Let {e;}^;^ and be strictly decreasing sequences of strictly positive 

real numbers such that Yl'^i^i <^ ^ ^^'^ Sz^i < ^^'^ such that |/(a;) — 
f{y)\ < ei/8 for all x,y £ X with dist{x,y) < vi and for all f £ Ti. For simplicity, 
we may assume that v\ <\. For each 

(1) take s = 1; 

(2) take {a;(,i,a;;,27 •■•ja^i,ni} to be a z^;/2-dense subset of X for which 0;^- n 

= for j ^ k, where Oij — {x £ X : dist(x,x;j) < i'i/{2l)}; also, put 
Olj ^df {x<E X : dist{x,xi^j) < i^i/{4:l)} C Oi^; 

(3) take {o'l}'^^ to be a strictly decreasing sequence of strictly positive real 
numbers such that 1/(2Z) > ai > and for all j for all /, inf{fi^T){Oij) : 
T G T{A)} > Wai. 

For each put the above data into Theorem 1 1 . 51 and get the following: 
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(a) a strictly decreasing sequence {7;};^^ of strictly positive real numbers with 

1=1 11 < 00; 

(b) an increasing sequence {Gi}'{^i of finite subsets of the closed unit ball of 
C{X), which is dense in the closed unit ball (i.e., [J'^iGi — C(X)i); we 
may assume that J-i C Qi for all I; and 

(c) a strictly decreasing sequence {Si}'j^i of strictly positive real numbers such 
that X^i^i < 

(d) an increasing sequence {'Pi}1Zi of finite subsets of F{C{X)). 

(e) for each l,j, let fij be a real-valued function such that i. < fij < 1, 
ii. fij = 1 on Oij and iii. the support of fij is contained in Oij; then, 
expanding Gi if necessary, we may assume that {fij : 1 < j < ni} C Qi; 

(f) further expanding the Gis and contracting the ^is and dis if necessary, we 
may assume that for each I and for every unital C*-algebra C, if ki,K2 ■ 
C{X) C are Qi — 5i-multiplicative c.p.c. maps, then they are defined on 
Vi; and if, in addition, is within 7; of K2(/) for all f G Gi then 

Hence, for each I, for the given data J-i,ei,ui,s = l,{xi^i,xi^2, ■■■,xi^ni},o-i, the 
quantities ji,Gi, Vi satisfy the conclusion of Theorem 11.51 

Since A is a unital simple AH-algebra with bounded dimension growth and real 
rank zero, A is (the norm closure of) an increasing union A = Um=i^™' where 
each Am is a direct sum of unital homogeneous C* -algebras with spectra being 
finite CW complexes with topological dimension less than or equal to three, and 
where (we may assume that) the inclusions are unital and injective. 

Hence, we have that T(A) is the inverse limit of tracial state spaces: 

T(Ai) ^ T(A2) ^ T(A3) ^ ... ^ T(A). 

Hence, Aff(T(y4)) is the direct limit of complete order unit spaces Aff(T(Am)): 

Aff(T(Ai)) ^ Aff(T(A2)) ^ Aff(T(A3)) ^ ... ^ Afr(T(A)). 

Note that if the spectrum of A„i is Y then Aff(T(A„j)) is isomorphic, as an order 
unit space, to C(y, R) (the real- valued continuous functions on Y). Note also that A 
induces a morphism (of order unit spaces) Aff (A) : Aff (T(C(X))) Aff (T(A)); and 
by the argument of fTl Theorem 25.1.1, for every > and for every finite subset 
of Aff (T(C(X))), there exists an integer N-^ > 1 such that for every n > N*, 
there is a morphism (of order unit spaces) Aff(A*) : Aff (T(C(X))) Aff(T(A„)) 
where Aff(A)(/) is within e* of Aff(A*)(/) for every / G T* (viewing Aff (A*) as a 
map with codomain Aff(T(yl)) by taking the natural composition etc.). 

For each I, let G'l consist of positive elements of norm less than or equal to one such 
that G'l =df {ai, 02, as, 04 > : / = oi - 02 -f 1(03 - 04), / £ Gi and 0102 = 0304 = 
0}. Hence, {Gi}^^! is an increasing sequence of finite subsets of C{X,M.) such that 
the union is dense in the closed unit ball of the positive elements in C{X,M.). 

We construct sequences and a subsequence {iV;};^i of the integers such 

that 

(1) ipi : C{Xi) — > Ajsfj is a unital c.p.c. Gi — Si - multiplicative map; 

(2) T o ^biif) is within 7,/4 of A(t)(/) for aU f e Gi; 

(3) firojpiiOi'j) > ai'Vi' for all /' < I, for all j and all r e T(A); and 
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(4) a\Vi = [in]\Vi. 

Let us collectively denote the above conditions by "(*)". 

To simplify notation, let us denote pi =df min{7i/100, crj/lOO}. Fix /. We now 
construct ipi. By the same argument as that of [1] Theorem 25.1.1, there exists an 
integer Mi such that for all n > Mi there is a morphism (of complete order unit 
spaces) Afr(A„*) : AS{T{C{X))) Afr(T(A„)) such that Aff(A)(/) is within pi 
of Aff(A„*)(/) for all / G Q'^ (of course, we mean the appropriate composition of 
Aff(A„*) with etc. to get a map with codomain Aff(T(^))). Since ^4 is a simple 
unital AH-algebra with bounded dimension growth and real rank zero, and by 
Theorem 11.41 let 0; : C{X) ^ Ahe a. unital, c.p.c, almost multiplicative map and 
let q he a projection in A such that 

i. there is an integer M2 > Mi such that q £ Am2 and T'{q) < pi for every 
T'eT(AMj; 

ii. the map C{X) A : f 1-^ (l4>i{f)l is a c.p.c. Qi — (5; -multiplicative map; 

iii. there is a finite dimensional C*-subalgebra F C A]\[^ with 1^? = l^i — g; 

iv. there is a unital finite-dimensional *-homomorphism h : C{X) — > F such 
that 4>i{f) is within pi of q4'iU)<l + Kf) for all f e Gi; 

V. a\Vi = [(l)i]\Vi. 

Let (f>i^i : C{X) A he the unital c.p.c. Gi — (5;-multiplicative map given by 
<pi.i{f) —df q4'i{f)Q + '*(/) for all / S C{X). Note that it follows, from the above 
conditions and by the definition of the Gi (and the remarks surrounding it) that 
(j)i^i is well-defined on Vi and 

Put G'l and pi into Theorem 11.21 to get the integer L (which is the N in the 
statement of Theorem [TT^ . Note that Am2 has the form Am2 = riMkj^{C{Yi))ri © 
r2Mk2{C{Y2))r2 ® ... © raMk^{C{Ya))ra where each Yj is a connected finite CW- 
complex with dimension less than or equal to three. Suppose that F = Fi (B 
F2 (B ... (B Fa where for every j, Fj is (a finite dimensional ^-algebra) contained in 
rjMkj{C{Yj))rj. Since A is a simple unital AH-algebra with bounded dimension 
growth and real rank zero, moving up building blocks if necessary (see [11 ), we 
may assume that for each j, there is a trivial projection tj £ rj'Mkj{C{Yj))rj (i.e., 
a projection corresponding to a trivial vector bundle over Yj) such that (a) Ltj is 
Murray- von Neumann equivalent to a subprojection of Ip in ''jM^. {C{Yj))rj and 
(b) t'([1f, - Ltj]) < pi for aU r' e T(F,). 

Now recall that since M2 > Mi, the morphism AfF(AM2*) : Aff(T(C(X)) 
AS{T{Am2)) (of order unit spaces) is such that Aff(A)(/) is within pi of Aff (Aa/^ *)(/) 
for aU / e G'l- Note that Aff(T(C(X))) = C(X,R) and 

Aff(T(AMj) = C{Yi,R) © C{Y2,M.) © .... © C{Ya,R), 

where the isomorphisms are isomorphisms between order unit spaces. For each j, 
there is the natural projection map ttj : C(Yi,R) © C{Y2,M.) © ... © C{Yj,R) 
C(Yj,K) which is a (surjective) morphism of order unit spaces. Hence, for each j, 
we get a morphism (or, unital positive map) £_j =df nj oAff (Ams*) : C{X) C{Yj). 
By the definition of L and by Theorem II. 2|, let Xj,i'Xj,2, ■■■,Xj,L ■ C{X) C!{Yj) 
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be unital *-homomorphisms such that each Xj,k is homotopy equivalent to a point- 
evaluation *-honiomorphism and such that 

\uf)-{i/L)j2^m{xj,k))im<Pi 

for all / G g'l. 

For each j, let tj^2, tj,L be the L pairwise orthogonal subprojections of 
Ipj, each of which is Murray- von Neumann equivalent (in Fj) to tj; and let h'j : 
C{X) — > lp.M.i~.{C{Yj))\Fj be the unital *-homomorphisni given by h'j-.ff-^ 

J2k=iXjAf) tj-k + f{zj){'^Fj ~ fo'^ Poii^t ^3 ^- Let h' : 

C{X) ^ If^MsIf bo given by h' =df h[®h'2®...®h'g^. If ft, = hi®h2®---®ha where 
each hj : C{X) Fj is a unital *-homomorphism then hj is homotopy equivalent 
to h'j, for every j. Hence, h is homotopy equivalent to h' . Let ipi : C{X) — !■ A 
be given by ^/j/ : / i-^- q4'i{f)q + h'{f) for all / € C{X). Note that tpi is a unital 
c.p.c. Gi — (5; -multiplicative map. Then, by the definition of Gi (and the remarks 
surrounding it), ipi is well-defined on Vi and 

Hence, 

[M'Pi = IMl'Pi = c^l'Pi- 

Fix 1 < j < a. For r' G T(rjMfc. (C(yj))rj) and / G ^Jj', 
|((l/L)X:r'(x,,fc(/))-r'(ft;.(/))| 

/c=l 

L L L 

= i((i/L)E^'(x..fc(/))-(E^'(x..fc(/)®i..fc)+^'(/(^.)(iF,-E*.-.fc))i 

/s=l fe=l k=l 

L L 

< \{l/L)J2r'{Xj,k{f)) -J2^'{Xj,k{f)^tj,k)\+Pi 

k=l fe=l 

< 3ft. 

Hence, for / G and for r' G T(rjMfe^ (C(yj))rj), 
\r'm))-r'{h'j{m 
= \r'Mf)) - {llL)Y,r'{Xj,k{m + \{l/L)Y,r'{xj,k{f))-r'{h'j{m 

k=l k=l 

< pi + \{l/L)J2ir'{Xj,k{f))-r'{h'j{m\ 

k=l 
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Hence, for / e G'^ and for r e T{A), 

\\ir){f)-riMm 

< |A(r)(/) - T(Afr(AM.*)(/))| + |r(Aff(AM.*)(/)) - r{Mf))\ 

< pi + \r{AS{XM,*){f))-T{Mm 

= pi + |T(Aff(AM, *)(/)) - (riqMm+rih'im 

< 2p, + |T(Aff(AM,*)(/))-r(/j'(/))| 

< 6pi. 

Since for Iq < I, {fi„.j : 1 < J ^ nig} C Q'^ and since ui < crig, it folfows that 
'''(.i^iifioj)) > ^la for all £ T(A) and for all j. Hence, Mroi>, (Oioj) > fjoZ^i,, for 
all Zo < I and all j . 

Also, from the above and definitions of Qi and Q'l, it follows that for all t G T(yl) 
and for all / G |A(r)(/) - r(i/;,(/))| < 24p, < 7i/4. 

Hence, we have constructed a sequence {"iAij^^i ttiE^t satisfies the conditions in (*). 
Hence, by (*) and Theorem 11.51 let ui be a unitary in A such that ui^2{f)u\ is 
within ei of V'i(/) for all f £ Ti. Again by (*) and Theorem ll.5[ let U2 be a unitary 
in A such that M2'03(/)''^2 within 62 of uiil^2{f)u\ for all / G ^"2- Repeating this 
process, we get a sequence {m;};^o unitaries in A (taking uq = Ia) such that 
for every I, ui'ipi+i{f)ui is within e; of ui-i'ipi{f)ui_i for all / G J7. Since the 
union of the JF;s is dense in the closed unit ball of C{X) and since X]/^i £/ < 00, 
the sequence {ui'ipi^iu*}'j^^ must converge pointwise to a unital >i=-homomorphism 
$ : C{X) A. And by our construction, A = T($). Moreover, KL($) = KL(a). | 

1.7 From Theorem II . 61 and [25] Theorem 4.5, we get Theorem lO.il 

Finally, since a finite CW complex is the finite union of pairwise disjoint, path 
connected, second countable, compact metric spaces, we can replace X in Theo- 
rem 10.11 by an arbitrary finite CW complex. 

2. Tracially AF embeddings 

2.1 It is the aim of this section to prove the lemma below. Our argument is inspired 
by the methods developed in [ST] and [5?| . 

Lemma: Let Y be a compact metrizable space and A a simple, separable, unital, 
Z -stable C* -algebra with real rank zero. Suppose 9 : C(Y) —f A is a unital *- 
homomorphism; let a finite subset T C C{Y) and £ > be given. 
Then, there is a commutative finite-dimensional C* -subalgebra B C A such that 

(i) II [0(a), 1b] II <eVaG^ 

(ii) dist(lB6'(a)lB, 5) < £ Va G 

(iii) r(lB) > 1 - eVr G T{A). 

A *-monomorphism that satisfies the conclusion of the above lemma will be called 
"tracially AF-embeddings" or "TAF-embeddings" (see Definition 13.21 below) . 

2.2 Notation: For a C*-algebra A, we denote by Aoc the quotient JJ^ A/ 0pj A. 

2.3 Proposition: Let Y be a compact metrizable space. Then, there are a zero- 
dimensional compact metrizable space X , a unital embedding v : C(Y) — s- C{X) and 
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a commutative diagram as follows: 

(1) C{Y) 




Here, C{X) = lim^(C'^' , is a representation of C{X) as a unital AF 
K : C{X) — > J^C'^'/^C'^' the canonical inclusion of the inductive limit, q the 
quotient map and ^ sequence of unital ^-homomorphisms. 

Moreover, there is a sequence of c.p.c. maps 

<fi : C'^' ^ C{Y) 

such that qo {(ipi'>pi)i^fi) = tc(y), where i'C(Y) ■ C{Y) nN^(-^) canonical 
embedding (as constant sequences) and q also denotes the quotient map riN'^(^) ~* 
C(F)oo- IfdhnY = n < oo, we may choose the ipi to he n- decomposable in the sense 
of Definition 2.2]. 

Proof: Choose a sequence {Ui ~ {C^i.i, ■ • ■ , U^ki })(eN of open coverings of Y with 
the following properties: 

(i) Ui+i refines Ui for all I 

(ii) each Uij contains some element yi j of Y 

(iii) for some fixed metric on Y, maxj{diam(J7;j)} ^Zl^ q 

Define *-homomorphisms ■0; '■ C{Y) C'^' by V'z := ®jLi ^^vi j- Choose partitions 
of unity subordinate to Uf, interpret these as c.p.c. maps (pi : C*"' C{Y). It is 
clear from (iii) that ipiijji idc(y) pointwise, whence q{{(pi'ipi)ifzfq) = tc(y)- Note 
also that, if dimK — n < oo, then the Ui - and therefore also the ipi - may be 
chosen to be n-decomposable. 

Since refines Ui for each I, we may choose unital *-homomorphisms Pi : C'"' — > 
(j->fc!+i g^Qj^ that, if the i-th component of Pi{eij) is nonzero, then ?7;+i,i C Uij 
(where eij denotes the j-th canonical generator of C*^'). In other words, for each 
pair (/ + 1, i) we choose a pair {l,j) such that C/i+i,i C Uij and let this assignment 
represent an arrow in the Bratteli diagram 

£kt _^ C'"+K The inductive limit 
lim^(C'''' , /3;) is a commutative unital AF algebra, hence of the form C{X) for 
some compact zero-dimensional space X; let k : C{X) J^C'^'/ ^C^^' denote the 
canonical embedding. 

For each / G N we have a *-homomorphism 

i^i : C{Y) ^ ^ C{X) ; 

using (iii) it is now straightforward to check that this sequence of maps is approxi- 
mately multiplicative in the sense of [2] and induces a *-homomorphism v : C{Y) 
C{X) which makes our diagram ([1]) commute. I 

2.4 The next lemma uses some technical results of [51]; it is essentially contained 
in the proof of Theorem 4.1 of that paper. 
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Lemma: Let A and B be separable C* -algebras, A unital and Z -stable with real 
rank zero. Let n, fc G N and p G A be a projection. Consider c.p.c. maps 

B^&^pAp 

such that if is n-decomposable for some n G N and satisfies \\p — Lp{\£k)\\ < rj for 
some rj > 0. 

Then, there is a sequence of *-homomorphisms Qm ■ C"' — > pAp, m £ N, such that 
limsup ||K(lc.),¥>^(fo)]|| < 10{n + 1) • y^P{b^) - ^^j{b)^\\^ '^beB+, 



limsup \\gWi-c^)vi^ib) - gmi^{b)\\ < 5(n + 1) • " 'PV'W'II^ V6 G B+ 



and 



-(e„i(lcfe)) > 



1 



5(n+ 1) 



--r,\ •r(p)VTeT(A),me 



N. 



2.5 Let {j Ij) be a surjective and decreasing map N — > N. We call the se- 
quence an expansion of the sequence (Z)igN- For a sequence (Mi);gN of 
maps, algebras, etc., we call the sequence {Mi.)j^fi an expansion of (M;)igN- Sim- 
ilarly, from an inductive system (Ai, a/)igN of C*-algebras we obtain an expansion 
(j4i . , aj)jgN, where cij = a;, if Ij =/= Ij+i, and aj = id^,. if Ij = Ij+i. It is clear 
that hmj^oo A ^ hnij^oo ■ 

2.6 Proposition: Let A be a simple, separable, unital, Z-stable C* -algebra with 
real rank zero; let Y be a compact metrizable space with diml" = n < oo. Suppose 
9 : C{Y) -—^ Aoo is a *-homomorphism and {pi)ieN G A is a sequence of projections 
lifting p ;= 0{1y). 

Then, there is a commutative diagram as follows: 
(2) 



he( . )h 




{Qi)n 



pAooP ■ 



Here, the upper left triangle has the properties of diagram (Qp in Proposition \2.3\ 
(in fact, it is an expansion of (Ip^, the gi and g are *-homomorphisms, 

h := guiyily) £ 0{C{Y)y H A^ 

and the map h0{ .)h is a *-homomorphism. Moreover, the gi satisfy 

1 



(3) 



liminf r(£i/V/(ly)) - 



t{pi) >OVreT(A) 
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Proof: Given Y, apply Proposition 12.31 to obtain a diagram 

C{Y) 




and n-decomposable maps (pi : C'^' C{Y). Set 

If I -.^ e o ifiVl eN; 

these are n-decomposable c.p.c. maps C*"' — > pA^oP satisfying 

(pioi^iih)''^ 9{h)ybeC{Y). 

By [10] J Remark 2.4 (cf. also [35j, Proposition 1.2.4), each (pi may be lifted to a 
sequence of n-decomposable c.p.c. maps 

pi,j : -^PjApj, j e N. 

A diagonal sequence argument now yields an expansion {lj)jeN of the sequence 
(Z)/gN such that 

and 

satisfying 

(4) qo((pjO%ljj)j^n)=0. 

Note that the inductive system C{X) = lim^ C*^' and its expansion lim^ C'^'j are 
isomorphic by 12.51 Let v denote the composition of this isomorphism with i> and 
write K for the natural inclusion of lim^ C'^'j into Yl C*^'^ / ® C'^'j . This yields a 
commutative diagram 

C{Y) 




n c'''^ n 1 

with the same properties as ([T]). Misusing notation, from now on we will write C*^^ 
in place of C ; this should not cause confusion. 

For each j e N, we may apply Lemma l^^ with C(F) in place of B and pj , C'^J , i/'j , Pj 
and :— \pj — (^(lj^fcj)|| in place of C*',?/', V ^nd 77, respectively, to obtain a 
sequence of *-homomorphisms 
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satisfying the assertions of l2.4l Note that 

\\Pj - V'i (1^^ )11 

and 

\\^,4'Ab^)~^,^Abf\\'=^ V6ec(r). 

Therefore, again by a diagonal sequence argument (and separability of C(Y)) we 
may choose a sequence (r7ij)jgN C N such that for the *-homomorphisms 

we have 

(5) V, ), ^,4',{b)]\\ V6 G CiY) , 

(6) - V6 e C{Y) 
and 

liminf (t(£-jV'j(1f)) - . ^ ■ t{pj) 

= liminf (^{qj (Ic^, )) - ^^^^^ • ^(pj) 

(7) > OVTeT(yl). 
The £ij now yield a commutative diagram 

J] c*^^ — ^ n c''^' / c*^^- 

YlPjApj — >- pAooP , 

where g denotes the map induced by the Qj . The above diagram will be the lower 
left rectangle of ([2]). It follows from (g]) and (O that 

Since the V'j are unital, this implies that 

h = qkv{1y) = q{{Qjil)j{lY))]en) = ffllnc^^V ©C^-j ) ^ 0{C{Y))' r\ Aoo . 

Note that (g]), (O and ^ also imply that 

he{h)h = QKv{\Y)0{b) = q{{gjt/jj{b))jeN) V6 G C{Y) . 

Exchanging the indices j for I, we have constructed all the ingredients for the dia- 
gram ([2]); above we have proved commutativity of this diagram. The proposition's 
statement about traces is just ([T]). I 

2.7 Proposition: Let Y be a compact metrizable space with dimK = n < oo. Let 
A be a simple, separable, unital, Z -stable C* -algebra with real rank zero. Suppose 
9 : C(Y) A is a unital *-homomorphism and let e > be given. 
Then, there are a commutative AF algebra C{X) C A^o, a sequence € Hn^ 

of projections lifting p :~ Ix S A^a and Iq Cz N such that 

(i) p€0{C{Y)ynA^ 

(ii) pe{C{Y)) c c{x) 

(iii) t{pi) >l-eWl>lo,T£ T{A). 
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Proof: For convenience, we set 

1 



5{n+l) 



let e^°'> := 9 and pf^ := 1a for / e N and /°'> := 1^^. Provided that, for some 
TO e N, we have constructed a unital ^-homomorphism 6*''"' : C{Y) — > p(™Moop'"''' 
together with a Uft G of p'™' G Aao, we apply Lemma [Z!6l to obtain 

a diagram as in Set 

, (m) (m) i(m)r-, , ^ jsj 

hi := q\ 'ipl '(ly), / G N. 
This yields a sequence of projections 

m 
fe=0 

let denote the class of (p["'^^'')ieN in ^oo- By Lemma we have 

and, since 6i(™)(ly) = p^"), 

p(™+i) =p(") e0(™)(c(r))'np('")Aoop("). 

We may thus define a *-homomorphism 

by 

Induction yields a sequence of diagrams as in ([2]) , with *-homomorphisms 

zero-dimensional spaces X^™^ and *-homomorphisms 

for m G N. Moreover, by ([3]) we have 

liminfr(/i["^) -/x-r(p|'"') > OVr G T{A), to G N. 
We show by induction over m that 

m rn 

(8) liminfT(^/ip^) >^-^(l-Ai)''Vr gT(A), togN. 



fc=0 fc=0 

For TO = this is true, since by 

liminfr(/i|"^) - /i- t(p[°^) = liminf t(/i|°^) - > V? G N, r G T{A) . 

I — >CXD l^OO 
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Suppose now ([8|) has been verified for some m e N, then 

m+l 



k=0 \ k^O 



f hm inf ( TiY hf'^ r ) 



\ fe=0 fc=0 
/ m N 

Uminf /ip^) 



m+l 
fc=0 

This proves ([8]) for m + 1 in place of m, hence for all to G N by induction. 

Since linim^oo M ■ 'YTk^vS^ ~ m)'^ — 1j by Dini's theorem there are Zqj "^o G such 

that 

rag 

(9) r(X/i|"')>l-£VTeT(^), ;>Zo. 

Note that by JH), 

Set 1:= 117^0 then 



C(X) = 0C(X( 



m— 

is a commutative AF algebra, and so is its image under ® f'"™'' ° ' 
this image is of the form C{X) C A^o for some zero-dimensional compact space X. 
Let 

"to 
m— 

then (p/),gN hfts p := Ijf e Aoo- By [21] we have ) G d{C{Y))' n 

^oo Vto = 0, . . . , Too, whence p G 0(C(F))' n ^oo, so assertion (i) of the proposition 
holds. Furthermore, 

mo mo 

p0(c(y)) = g((/i['"^eN)e(c(r)) c e(")«;(™)(c(x("))) = c(x) , 

m— m— 

whence (ii) holds; we have already verified (iii) in ([5]). | 
2.8 We are finally prepared to prove the main result of this section. 
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Proof: (of Lemma [2. ip We may clearly assume the elements of T to be positive 
and normalized. Even more, we may assume that X^asj^ O' — ^y ■ Set n :— cardJ^— 1 
and let A" C R""'"^ denote the full n-simplex. Since C(A") is the universal unital 
commutative C*-algebra generated by 7i+ 1 positive elements adding up to the unit, 
C*{T) C C{Y) is a quotient of C(A"). We have C*{T) ^ C{Y') for some compact 
subspace Y' of A"; by [H], Theorem III.l (cf. also [2D], Proposition 3.3 and [47], 
Proposition 2.19), we see that 

dim!" < dim A" = ti . 

Restricting 9 to C{Y') we see that it suffices to prove the assertion of the lemma for 
a finite-dimensional space; thus we assume that dim Y ^ n for some n G N right 
away. 

Let C{X) C Aoo be a commutative AF algebra and {pi)ieN CI A a sequence of 
projections satisfying the assertions of Proposition 12.71 By I2.7f i) we then have 
Ix e 0{C{Y)y n Aoo] by {u),_lxO{C(Y)) C C{X). But then there_is a unital finite- 
dimensional C*-subalgebra B of C{X) such that dist{lxO{a)lx, B) < e/2 Va e 
note that B is commutative and that we may assume 1^ = Ix- Since {pi)ieN 
lifts Ix, ixAocix is a quotient ofYii^mPiApi. Finite-dimensional C*-algebras are 
semiprojective ([32], Chapter 14), so there is a *-homomorphism 

cr : B ^ Y\_PiApi 

lifting id^. It is clear that all but finitely many of the ai (the components of a) 
are unital. Now if G is large enough, then dist{9{a),ai„{B)) < e Va e T, 
ai^ils) = Pio and || [61(a), < eWa e J^. Since r(pij > 1 - e Vt e T{A) (for 
large enough lo) by Proposition 12 . 7r iu) . B :— crio{B) satisfies the assertion of the 
lemma. I 



3. The uniqueness theorem 

Towards the uniqueness theorem, we need the following stable uniqueness result 
which can be found in 16J Theorem 3.1 (see also 16 Remark 1.1, [TSj and [21]): 

3.1 Theorem: Let X be a compact metric space. For any e > and any finite 
subset T C C{X'), there exist (5 > 0, > 0, an integer N > 0, a finite subset 
Q Q C{X) and a finite subset V C P(C(X)) satisfying the following: 

For any unital simple separable nuclear C* -algebra A with real rank zero, stable 
rank one and weakly unperforated Kq group, for any rj-dense subset {xi,X2, --jXk} 
in X , and any Q — 5 -multiplicative c.p.c. linear maps cj), tp '■ C!{X) A, if 

then there exists a unitary u S MArfe-|-i(j4) such that 

u{(l>{f)(Bf{xi)lN®f{x2)lN®-f{Xk)'^N)u* ~e 'lp{f)®fixi)lN®f{x2)lN®-fiXk)lN 

for all f (z J-. 

3.2 Definition: Let X be a compact metric space, and let A be a unital simple 
separable C* -algebra. A ^-monomorphism (j) : C{X) A is said to be a TAF- 
embedding (i.e., a tracially AF-embeddingj if for every e > 0, for every finite 
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subset J- C_ A and for every nonzero positive element a Cz A, there is a projection 
p A and there is a finite dimensional C* -subalgehra F ^ A such that 

(i) p is Murray-von Neumann equivalent to a subprojection o/her(a) (the hered- 
itary suhalgebra of A generated by a ), 

(ii) If = 1 

(iii) \\pa — ap\\ < e for all a E T , and 

(iv) pap is within e of an element of F for all a ^ T . 

From Lemma [2.11 it follows that if A is a unital separable simple real rank zero 
Z-stable C*-algebra, and if X is a compact second countable metric space, then 
any unital *-monomorphism : C{X) — > A is a TAF-embedding. 

3.3 Proposition: Let X be a compact metric space, and let A be a unital sep- 
arable simple nuclear C* -algebra with real rank zero, stable rank one and weakly 
unperforated Kq group. Let <j) : C{X) A be a unital TAF-embedding. 
Then for every e > 0, for every finite subset J- C A, for every integer N > 1 and for 
every nonzero positive element a € A, there exists a real number d with < 6 < e, 
there exists a finite subset {xi, Xn} C X which is S-dense in X, and there 

exists a projection p £ A and a J- — e-multiplicative c.p.c. Li : C{X) pAp such 
that 

(i) p is Murray-von Neumann equivalent to a subprojection of her (a) (there 
hereditary subalgebra of A generated by a ), 

(ii) \\p(t>if) - <Pif)p\\ < e for all f^T, and 

(iii) there exists pairwise orthogonal projections p^^pi^p2-, •■•iPn-,i with 

n 

Pq^P, ^Pi+t = 1a, and Np ^ pi 

i=0 

for i ^ (here ^ is the relation of being Murray-von Neumann equivalent 
to a subprojection) and there exists a finite dimensional *-homomorphism 

hi : C{X) tAt 

such that 

(f>{f) is within e of Li{f) + X)"^! f{xi)pt + hi{f), for all f £T. 

Proof: For simplicity, let us assume that the elements of T all have norm less 
than or equal to one. Let d be the metric on the space X . Let 5 be a real number 
such that < (5 < e/10 and such that for every x^y G X, if d{x,y) < 6 then 
\f{x) — f{y)\ < e/10. Now let {xi,X2, ...,Xn} be a J-dense subset of X. We 
may assume that d{xi,Xj) > for i ^ j. For each i, let < 5; < (5 be such 
that B{xi,5i) n B{xj,Sj) ~ for i ^ j. (Here, B{xi,5i) is the closure of the 
open ball B{xi,Si) with radius 6i about Xi.) For each i, let fi be a positive real- 
valued function with < /i < 1, fi{xi) — 1 and supp{fi) C B{xi,5i), where 
supp{fi) is the (compact subset of X which is the) support of /,;. Since </) is a 
*-monomorphism and since A is simple, for each i, inf {T{(f){fi)) : t G T(^)} > 
(strictly greater than zero). Hence, let s be the strictly positive real number given 
by s ^df in/{T(0(/O) : t G T{A), l<i<n}. Let r ^df ^ U {/, : 1 < i < n}. 

Now apply Lemma fO on X, T' and ei =df min{e/10, s/(10(7V + 10))} to get Q 
and p {p is the 5 in Lemma ll.l|) . We may assume that p < ei. Making p smaller if 
necessary, we may assume that the elements of Q all have norm less than or equal 
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to one. Since the *-mononiorphism (f) : C{X) ^ yl is a TAF-embedding and since 
finite dimensional C*-algebras are injective von Neumann algebras, let p 6 A be a 
projection and let -F C A be a finite dimensional C*-subalgebra with \p = 1 — p 
such that 

i. p is Murray- von Neumann equivalent to a subprojection of her(a), the 
hereditary subalgebra of A generated by a, 

ii. t{p) < ei for all r £ T(A), 

iii. \\p(t>{f) - (t>{f)p\\ < £1 for all feg, and 

iv. there exists a unital c.p.c. Q — p- multiplicative map L : C{X) —^ F such 
that </)(/) is within ei of p(f>{f)p + L{f) for aU / e 0. 

Applying Lemma 11.11 to L, we get a *-homomorphism h : C(X) — > F with a 
projection q = h{lc{x)) such that t'{1 — p — q) < ei for all r' G T(F) and such 
that L{f) is within ei of {1 - p - q)L{f){l -p-q) + h{f) for aU / £ P. Note that 
we must have that r(l — p — q) < ei for all t G T(A). 

Hence, (/>(/) is within 2ei of L'{f) + for aU / e J^', where 

L'{f) =df pmp + (1 - p - 'z)i(/)(i -p~q) 

(so = 1 — q). Note that (after some computation) L' is — 3ei- 

multiphcative. Also, T{q) > (1 — ei)^ (which in turn is greater than 1 — 2ei) 
for aU T e T{A). 

Now for all i, (j>{fi) is within 2ei of L'{fi) + h{fi). Hence, for all i and for all 
T e T(A), t((^(/,)) is within 2ei of t(L'(/0) +t(/i(/,)). Also, note that t(L'(/,)) < 
1 - (1 - ei)2 = 2ei - ei^. Hence, for aU i and for aU r e T(A), 

r(M/0) = {T{h{f,))+T{L\m-r{L'{U)) 



> (T(/i(/,)) + r(i'(/,))-2ei + ei2 

> (r(0(/,))-2ei)-2ei+ei2 
= r(0(/,))-4ei+ei2 

> s-4ei+ei^ 

Recall that ei = min{e/10, s/{10{N + 10))}. Hence, for aU r G T(A) and for aU i, 
T{h{fi)) > 5-4s/(5(iV+10)) 

> (57Vs + 50s-4s)/(5(7V+ 10)) 
= (57V + 46)s/(57V + 50) 

Now suppose that ri, r2, ri are pairwise orthogonal projections in h[\(j(^x))Fh{ 



lc(Jf)) and yi,y2, ■■■,yi points in AT such that for aU / G C{X), h{f) = f{yj)rj. 
For each i, let 5^ —df {j '■ d{yj,Xi) < Si}. Then for each i and for each t G 
T(^), t(Ejg5. ^j) ^ + 46)s/(5Af + 50). Replace ft. by a finite-dimensional 
*-homomorphism h' : C(X) F where for all / G C{X), 

n 

1=1 jgS. J^S.Vi 

Hence, for each f € h{f) is within e/10 of h'{f). Recall that L'{1) = 1 — q and 
T{q) > 1 - 2ei > 1 - s/{bN + 50) for aU r G T(A). Hence, r(L'(l)) < s/(5A^ -t- 50) 
for all r G T(^). Hence, Nt{L'{1)) < t{J2j^s.^j) aU r G T{A). Hence, for 
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each / e J-", 4>{f) is within 3e/10 of L'{f) + h'{f) and the approximation L' + h' is 
what is required. I 

3.4 Proof: (of Theorem 10. 2p The "only if direction foUows from gU] 5.4. Hence, 
we need only prove the "if direction. 

Firstly, by [25] Theorem 4.5, there is a unital simple AH-algebra with bounded 
dimension growth and real rank zero and there is a unital *-homomorphism $ : 
A such that $ induces an order isomorphism (which, of course, respects the 
Bockstein operations) between the full K-groups K(Ao) and K(^); and since Ao 
and A are both real rank zero, this induces an isomorphism between the tracial 
simplexes T(A) and T{Ao). Henceforth, to simplify notation, we may identify 
K(Ao), T(Ao) with K(A), T{A) respectively and take the induced maps K($), 
T($) to be identity maps. Hence, by Theorem [TBI let 6 : C{X) ^ C A be a 
unital *-monomorphism such that KL(6') = KL(0) (= KL(?/')) and t o 6 = t o (f) 
{= T o il)) for all T G T(A). To prove that (/> and if) are approximately unitarily 
equivalent, it suffices to show that <j) and 9 are approximately unitarily equivalent. 

Let e > and a finite subset T C C{X) be given. Let us assume that the 
elements of T all have norm less than or equal to one. Let i/ > be such that 
\f[x) — f{y)\ < e/8 if dist(x, y) < v for all x,y G X and all f G T . We may assume 
that V < \ Now 

i. take s — l; 

ii. take a finite ^'/2-dense set {xi, X2, Xm} in X for which Oi Ci Oj = 
whenever i ^ j, where Oi =df {x d X : dist(x,a;i) < J^/2}; and also, put 
Oi —df {x G X : dist(a;,a;i) < i^/4}. 

iii. and take a real number a where < cr < 1/2 and where fiTo4>{Oi) > lOcr 
for aU T eT{A) and for aU i. 

Taking the above data and putting them into Theorem ll.51 we get quantities 7, !Fi, 
ei and Vi {J-i, ei, Vi are the Q, 6, V respectively in the conclusion of Thcorem ll.5p . 
For each j, let fi be the real-valued function on X with (a) < /i < 1, (b) fi = l 
on Oi and (c) the support of fi is contained in Oi . Expanding Ti if necessary, we 
may assume that Ti contains {fi 1 < i < m} U We may also assume that all 
the elements of have norm less than or equal to one. 

Now put e and J-i into Theorem 11.51 to get quantities €2, rj, N > 0, J-2 and 1^2 
(e2, J-2 1^2 are the 5, Q V vn the conclusion of Theorem II. 5[) . Contracting 62 if 
necessary, we may assume that £2 < ei. Expanding J-2 if necessary, we may assume 
that J-i C J^2 and that the elements of J-2 all have norm less than or equal to one. 
Finally, expanding 1^2 if necessary, we may assume that Vi C 'P2. 

Let £3 > and let be a finite subset of C{X) such that 

(1) £3 < £2, 

(2) £3 < min{7/100, (7/100,77/100}, 

(3) T2 C J^3, and 

(4) if pi,p2 '■ C{X) A are two JF3 — £3-multiplicative c.p.c. maps then pi 
and p2 are both well-defined on V2- Moreover, if pi{f) is within £3 of p2{f) 
for all / £ JF3 then 

[Pl]|^2 = [P2]\V2. 
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Now by Lemma [231 is a TAF-embedding. Therefore, put 0, 63, J^^, N, and a 
projection whose value at every unital trace is strictly less than €3 into Proposition 
13.31 Then as a consequence, we get a real number S with < 6 < €3, a, 6-dense subset 
{xi,X2, ■■■,Xn} of X, and we get a projection p ^ A and a JF3 — es-multiplicative 
c.p.c. map Li : C{X) — > pAp such that 

(a) t{p) < 63 for aU t e T{A), 

(b) there exists pairwise orthogonal projections P01PI1P2, ••■,Pn, * with po = p, 
^"^gPi + i = 1a, and Np < pi ior i ^ Q (here < is the relation of being 
Murray-von Neumann equivalent to a subprojection) and there exists a 
unital finite dimensional *-homomorphism hi : C{X) tAt such that 

n 

M) Li{f) + Y,f{x,)p. + hi{f) 

i=l 

for aU f eTs. 

Let 01 : C{X) — > A be the c.p.c. J-3 — e3-multiplicative map given by (pi : 
f Li{f) + X]"=i f{xi)Pi + hi{f). By the definition of 63, (and also Li) is 
well-defined on P3. Moreover, 

[4,]\V3^[(j>l]\V3. 

Also, since t o (/)(/i) > lOa for all t G T(v4) and for all i, we must have that 
° 4>ii.fi) > 9cr for aU r G T(^) and for all i. 

Now let go, (71, (72, ^' be pairwise orthogonal projections in ^0 such that (a) 

1^0 = X]r=i 9« + (^) li Murray-von Neumann equivalent (in A) to pj, and (c) 
t' is Murray-von Neumann equivalent (in A) to 

Since X is a path connected, KL(0) — KL(/ii) G KL(C(X), (7o^o9o)+,i- Hence, 
by Theorem II. 6i let L2 : C{X) — )■ 90^90 be a unital *-homomorphism such 
that KL(L2) = KL(0) - KL(/ii). Let h2 ■ C{X) ^ t' At' be a unital finite di- 
mensional *-homomorphism which is unitarily equivalent (with unitary in A) to 
hi. Now consider the *-homomorphism (j)2 ■ C{X) — > A given by (^2 : / > 
L2i.f) + E:Li fi^^)<l^ + h2if). Clearly, 

[MV3^[h]\V3. 
Hence, by Theorem 13. 11 let u G ^ be a unitary such that 

U<Pl{f)u* 02(/) 

for all / G ^3. Hence, since t o (f)i{f) > 9a for all f ^ T3 and for all r G T(A), 
02(/) > 8cr for all / G ^-"3 and for all r G T(A). Hence, ^ro^alOi) > cz^ for all 
/ G F3, all r G T[A) and all i. 

Also, 

||To0(/)-ro02(/)|| 

= lko0(/)-ro02(/)|| 

< Ik ° 0(/) - ^ ° '\>i{m + Ik ° 0i(/) - r o 02(/)|| 

< e3+||TO</,i(/)-TO02(/)|| 

< £3 + 62 
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for all / e ^3- 
Finally, 

[^]|^3 = [0]|^3 = [0l]|^3-[02]|7'3. 

Hence, it follows, by Theorem 11.51 that there is a unitary v E Aq such that 
for all / £ jr. Hence, 

vucl){f)u*v* 9{f), 

for all j E T . Since e anf T were arbitrary, and d are approximately unitar- 
ily equivalent. Similar for and 9. Hence (/> and '0 are approximately unitarily 
equivalent as required. I 

3.5 Finally, note that since a finite CW complex is the finite union of pairwise 
disjoint, path connected, second countable, compact metric spaces, we can replace 
X in Theorem 10.21 by an arbitrary finite CW complex. 
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